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On the Takahashi~Umezawa quantization of the external
field problem for multi-mass fields
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Department of Mathematics, The University of Aston in Birmingham, Gosta Green,
Birmingham B4 7ET, UK
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Abstract. The Takahashi-Umezawa quantization method is applied to certain first-order
field equations which exhibit a mass spectra and have diagonalizable coefficient matrices.
The Bhabha equations are a special case. It is shown that in all cases the independent field
components satisfy the free field commutation rules in the presence of any external field.
However, such theories have other difficulties.

1. Introduction

Inthe Takahashi—~Umezawa (Takahashi 1969) method for quantizing interacting fields,
the Heisenberg field operator W(x) is given by

W) =vlx/o)—4 | a*Tetro—x), dOIAG—x)ix) (1)

—00

where j(x) is the source in the field equation
A@)W(x)=j(x) ) (1.2)
ad d(3) is the usual Klein-Gordon divisor defined by

(a) d@AB)=0-m* for unique mass (1.3a)
N
) dea@ =[] a-md) for multi-mass. (1.3b)
i=1
The quantity €(xo=—xg) is the sign function
oy 1 Xo> XE)
€(xo xO)—{—l X0 <X

nd ‘,&("‘x') is a generalization of the Schwinger solution of the Klein-Gordon
®Nation which, in the general case of multi-mass fields, is given by (Baisya 1970)

N o An(x—x)
Ax—-x)= ) —85—~= (1.4)
*) i; Hj#i(miz_m]?)
Where

O-m?)A,(x—x)=8“x~x") (1.5)
659
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and then
N
[I@-mHAax—x)=8690x~x").
i=1 (16)

The notation x/o means that the spacelike surface o passes through the point y, The
interaction picture field ¢(x/o) then satisfies the free field equations and (anti.)
commutation rules:

[W(x/a), §(x'/0)]=1d(@)A(x —x). (17

Here the adjoint field {(x) is defined by the §i(x) = €(i)y; (x)n where e(i) = +1 or—1 in
order to make the free field energy a positive definite quantity and the y; (x) are the fielg
operators corresponding to mass states m;. 7 is the usual Hermitian operator satisfying

[nA@T =9A(-3)

where + denotes the Hermitian adjoint.
Clearly, theories for which

V(x) = ¢(x/c) | 138)

are the least offensive from the point of view of the Takahashi-Umezawa method,
although from the many examples of such theories which now exist (Nagpal 1974), they
invariably suffer from some problem such as indefiniteness of energy, or charge, or
non-Hermiticity of the interaction Hamiltonian. If (1.8) holds then the Heisenberg
field W(x) satisfies the free field (anti-) commutation rules.

It was originally thought that (1.8) held only for the simplest scalar and spinor fields
(Takahashi and Umezawa 1964), but Baisya (1970, 1971) showed that it extended to
various spin-3 theories with multiple masses and later Nagpal extended it to the Bhabha
multi-mass equations (Nagpal 1973, 1974). These equations of Bhabha (Bhabha 1943)
are based on the first-order matrix differential equation

A= (B 0" +m)y(x)=0 (1.9)

in which y(x) carries a reducible representation of %, (proper Lorentz group) given by
the reduction of an irreducible representation of the Lorentz group in five dimensions.
The basic feature of these equations is that the matrix 8, satisfies the minimal equation

(B3 +3)(B3+3) ... (B3+59)=0 (.10
for half-odd integer spin S, and
Bo(B5+1)(B5+4) ... (Bs+S5%) =0

for integer spin S. Nagpal shows that in both cases the dynamically indepen
satisfy (1.8). ‘ Al lec

Nagpal also discusses the propagation of the Bhabha fields in an extern 79
tromagnetic field and shows that they propagate causally. Amar and Dozz0 ( fiel
considered the propagation of general theories of type (1.9) in an elecn'omagffegcs e
and showed that a sufficient condition for causal propagation is that fo satisie
minimal equation

(1.1
dent fields

T 119
BoI1 (B +AD =0 r=0or1l. (

i=1
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The distinguishing feature of such theories is that the sub-block of 8, corresponding to
he zero eigenvalues is diagonalizable. The case r>1 characterizes what Amar and
Dozo call type (c) constraints (Nagpal calls them secondary constraints) in the theory.
jtis only these types of constraint which can lead to causality problems. Capri and
ghamaly (197 3) have given an example of a causal spin-1 theory which contains type
(c) constraints and in fact satisfies a minimal equation Ba(B3+1)=0. So theories with
type (c) constraints cannot be ruled out on the grounds of causality.

It is well known that theories characterized by (1.12) have vanishing charge or
energy for those mass states + m/A; for which r; > 1, and so the most general form for
the minimal equation of B, for non-trivial theories is

N
36[11(B§+A?)=0 (1.13)

ie. the sub-blocks of B¢ corresponding to non-zero eigenvalues are diagonalizable
(Speer 1969). For some theories r is related to the maximum spin contained in the
theory, but in general it is a matter of choice (Glass 1971). Effectively, Amar and
Dozzio’s results show that all theories for which B, is diagonalizable are causal in the
presence of an external electromagnetic field. The object of this note is to show that
(1.8) also extends to such theories—i.e. it holds for all theories for which B, satisfies

N .
Bo 1 (Bs+AD)=0 r=0orl (1.14)
i=1

» minimal equation, with a slight modification in the case r=1 to single out the
independent fields. The Bhabha equations, corresponding to (1.10), (1.11) are particu-
lar examples. Thus we generalize Nagpal’s results and also derive them in a simpler
way.

The essential idea we use in the case r=0 of (1.14) is that d(3) does not contain
suficiently high-order derivatives to contribute to the right-hand side of (1.1). In the
cse r=1 of (1.14) the projection operator P, on to the null space of 8, occurs as the
term of highest-order derivative in d(d); and it is only this term which can contribute to
the integral on the right-hand side of (1.1).

2. The form of d(3)

The general form for the Klein-Gordon divisor was first given by Umezawa and

XIS;((;:;? (1956), for both cases (a) and (b) in (1.3). Explicity the expression is, for

d@) =g+, d* +a,,,,0"8 2.t @y, .02 0 (2.1)
where
(__l)N N ,
ay= 2
0 - L—Il m;
a, _QOBM
m

G20aks ¥ m?
Qpip, = : miz(ﬁmﬁnz— Z _Zgﬂ-lﬂ-2>

3
m i j=1 mj
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— _aﬂ-szus
Apypiops = m
(—I)N N 2( N mZ m4
a =—3 M\ BuiBuBusBus— 2. 3 +
pimzpspe ~ .=1—[1 i\ PuiPpaPusPus jz; m,-zgm“ZB"3B“" j#kmgmmg“!‘k
—_ @y punpspaBus
®ps.s m

etc, where m; = m/A;, giving the relation between the non-zero eigenvalues of B, ang
the mass states.
We now consider separately the two minimal equations for By, given in (1.14),

21 r=0

Bo satisfies

(B5+1D)=0 22

(pemm 2

H

as the minimal equation. It is easy to verify that in this case we can take the
Klein-Gordon divisor to be

d@)=ao+ @, 3"+ @,,,,0"0 +. At ag, 8798 (29)

with the coefficients &, ., as given in (2.1). Then (1.3(b)) becomes a consequence of
the covariant form of (2.2):

N
[1¢B. 9*+1’D)=o0.
i=1

Actually, all we need to know in this case is that the highest order of derivative in 4(3) is
2N -1, where 2N is the number of (distinct) mass-charge states.

22. r=1

B, satisfies

N
Bo 1 (B3 +23)=0 24
i=1
as the minimal equation. This case is a little more complicated, because of the sipgu}jé
nature of B,, but substituting (2.1) in (1.3(b)) we obtain for the highest-order derivat
in d(®)A(3):
amn_%ﬁw,a“l R 7 et
Now either L +1=2N and (1.3(b)) gives
al‘-l---IuLLBI-‘«L+la‘L16#L+I = (D)ZN
or L+1=2N+1 and
(2.5

Lop ML AL +1 =
a#l...lLL+IB#L+1a .. 'a a * _O
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qote that the identity here refers to the derivatives 5*1...3“c*1), Since the first
ibility would imply a minimal equation for 8, of even degree, the case (2.4) must
correspond to the second possibility—the first in fact corresponds to the case (2.2).
Thus (2.5) i the covariant form of (2.4), as is directly verified from (2.1). The important
point however is that, on putting all indices y; in (2.5) equal to zero we get
Botoo..0=0 (2.6)

and comparing with (2.4) this means
N

inother words, ag_ o is proprotional to the projection operator on to the null space of
f,. Thus, for theories satisfying (2.4), d(9) can be written in the form

d@)=ao+a,d" +.. . ta,, 4., 0. .. 8" +%P(ﬁ, ) (2.8)

where P(B, d) is the covariant form of the projection operator:

1 N

Po= l;[1 (B5+13) 2.9)
0
P8 a)=LTNI(( 3’ +Ai0)
’ TTA? i B. '
=, 1 N8 BB A3
= H,-/\,-z Bmﬁy-z 1812 an e 28uzpal + - -
X (BMZN—IﬁP-ZN —A iguzN—w-zm)aul e BMN. (2 10)

Theimportant point about (2.8) is the occurrence of the projection operator P(B, 9) as
the term of highest-order derivative. Strictly, P(B, 9) is only a projection operator on
tie mass shell, but this does not affect the arguments used.

3A preliminary result

Tovaluate the integral on the right-hand side of (1.1) we use the results of appendix D

0 Takahashj (1969) which provides formulae for 3{e(xo—x0), F(3)JA(x —x'). Specific-
Y, We use the result of Katayama (1953)

1

Leo-xt), .. 9 JA(x —x)

{K.(3*—n"K_)...(a"—n"K)

=—;< 128 g 1
K+K_ a ...a R K++K_

+K_(*+n"K,)... (3" + n-“'K+)})a(“’(x —x') (3.1)
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where
Ke=(V-m)"*+n.3 K =(V'-m%)"*~p 3
and (O—m?)A(x—x")=0. n,, is a timelike unit vector. However, it is more

to have the right-hand side as a power series in the mass m. We fing
notation: J

Convenient
with obvioys

Helxo—x0), 8 ... 3*JA(x—x))
L K_K¥+(-1)*K.K* _
=2 K;}Lgml Ki) L () ) 8M(x—x')
L KET - (=1)*T KA

—kgl K, +K_

S K- (VKL

P e M O A A G
i= + TR
-1

¥ () @) * 6 (x —x')

=j=0 2a Z (n)f"’l(a)l‘f‘l&(“)(x__xr)

where a = (V?=m3)"* b=n.9

-1 j y —(—1)yT
=5 i <])aj—q—-1bq[1 (-1 q]z (Y (3) 169 x — ). (62
i=04=0 \q 2
The terms in this sum for which j -+ g is even vanish and only those terms for which  and
q have different parity remain. Then j—qg—1 is even and only even powers of
a =(V*—m?? occur. The highest power presentis a'~2if  is even and a'~ if I s odd.
So the right-hand side of (3.1) is a polynomial in m? of degree (I—2)/2 if ! is even and
(I-3)/2 if I is odd. We therefore write

Helxo—xb), 3™ ... 3 JA(x —x')

(l_ff/zb( i s o
i(n, 9)(m”)8" " (x —x) if l is even
j=0 33

1=3)/2 }
f ¢;(n, )(m*8“(x ~x") if [ is odd,

j=0

the b; and ¢; being independent of m”. We will only need to know bg-2)2 explicitly and
this is easily read off from the j=[—1, r =0 term of (3.2) as:

bu—nyp=(—1)P2n*r nt, 64

4. Quantization of the interacting field

Again we treat the cases (2.2) and (2.4) separately.

4.1. r=0
(2.3) gives the expression for d(9) in this case and substituting this we find
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e(xo—x0), d@JAGx =) )

2N-1
= Z Ay ;1-12[6(3‘0 xg), 31 .. 0"]A(x—x")

it N He(xo—xp), 9. . 0MA,L (x—x")
- Qg

lgl . Z l#j(ml mjz)
trom (1.4). We now use (3.3) to rewrite this in the form

N 2k
Z Ak(B$ n, a) Z ﬁ‘;—jgrnl’)“mjz)

where the A, are independent of the i summation, although they do contain the masses
m in a symmetric fashion (these occur in the «,, ,, which do not enter the i
simmation). Finally, we use the algebraic identities (Nagpal 1974):

4.1)

§__m 0 0,2,...(2N—4)

— = a=0,2,... -

i=1Hi#;(mi2_mj?)

W N 4.2)
- =1 N=2

=) Z
i=1ni;e;(mi _mj)

tonote that (4.1) vanishes. So for these theories, satisfying (2.2), we obtain (1.8). The
interaction commutation rules are the same as the free field ones. This is quite
independent of the source j(x).

42.r=1
I this case d(9) is given by (2.8):
2N-1 1
d(6) =ao+ Z Q. B +—P(B, a).

Substituting in 3{e (xo— x5), d(3)JA(x —x'), the first two terms vanish exactly as in (4.1)
and we obtain

Lelxg—xy), d(9)]A(x ~x")

1,
=5 He(xo=x7), P(, 9]A(x—x)

mn)\Z(Bﬂ-lB#z lgy.w.z) s (ﬁ#ZN—IB;LZN_)‘JZVgH-zN—I#ZN)

XHe(xo—xh), 8™ ... 8*~A(x —x)
allq ai"zN]Ami(x _x')
L?fj(ml m?)

=_P(B J g) % Z 2[E Xo—X0),

¥ith obvigyg notation

21'
=—pP 4)
™ Bx/g)ana)ZH#]( )5 (x~x")
1
= P(B.Vg)bna(n,9) - 1. 89(x~x)



666 W Cox
using the identities (4.2)
= B N8 - BB\ ot
X(=1)¥ g n”?“’é(‘”(x -x’)
from (3.4)
= ("—ff—_lp(ﬁ, n)8%(x - x").

Substituting in (1.1) we obtain:
(_ I)N—l
m
(=1

m

Y(x)=¢i(x/o)— J'_ d*x'P(B, n)é“(x —x")j{x")

P(B, n)jix)

=¢(x/o)+

which generalizes the result preceeding (2.16) of Nagpal (1974). We now use the
operator I—P(B, n) to project out the independent field components, and using

(I-P(B,n))P(B,n)=0
obtain
(I=P(B, n))¥(x) =(I-P(B, n))¢(x/c).

So the independent field components satisfy (1.8) for theories satisfying (2.4). Again,
this result is independent of the source j(x).

5. Conclusion

We have shown that for all theories in which B, is diagonalizable, (1.8) holds for the
independent field components. This is independent of the source of the external field.
Thus, as Amar and Dozzio found in the case of the causality problem, only type (c)
constraints can lead to problems in the external field quantization due to norm::ﬂ
dependent terms occurring in (1.1). However, just as in the causality problem, there s
no obvious reason to suggest that type (c) constraints will always mean a viola.twﬂ of
(1.8), or if it does that this still precludes a ‘consistent’ external field quantization. If
type (¢) constraints do exist, so that r > 1 in (1. 13), then it is no longer possible t define
a good projection operator P, onto the null space of 8, and 1 - P, cannot be ©
isolate the independent components of the field. The Jordan block of zero elgen"almf‘
of By is not diagonal and the analysis of the constraints becomes very difficult, but i
still does not mean that the independent field components will violate (1.8). 9
Further, the apparent simplicity of the theories considered here, free of fypé i
constraints, is illusory, at least for higher spin. Such theories exhibit other p‘°b§$5;r .
is well known that for spin greater than one, theories with Bo dagon#mble w - able
invariant under the complete Lorentz group (£, + reflections) and which aré der an
from a real Lagrangian, cannot satisfy the correct definiteness properties 0n ene;g’md
charge without an indefinite metric (Gel’fand et al 1963). Also, it has been 0
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that the interaction Hamiltonian H(x) = §(x)j(x), obtained from the equation
[W(x/o), H(x'/ o, n)]=1d(8)A(x —x)j(x")

using the free field commutation rules (1..7) and the fact (1.8) for the theories with g,
disgonalizable, is in general non-Hermitian (Nagpal 1973). H(x) can be made Hermi-
fanusing an indefinite metric but this can upset the definiteness of the energy or charge
(Baisya 1970). Munczek (1967) has proposed a way round this problem by using a
variant of the Lee-Yang &-limiting formalism for the massive vector-boson field, but
she results are not conclusive in this respect. However, despite their difficulties,
theories with B, diagonalizable have received a great deal of attention recently, because
of the absence of type (c) constraints and the simplicity of their mass spectra (Iverson
1971). Also Hurley (1974) has proposed a formalism which may resolve the above
problems and make it possible to incorporate such theories into a consistent scheme.
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